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Abstract 

(r) 

The hyperharmonic numbers h n are defined by means of the clasical 
harmonic numbers. We show that the Euler-type sums with hyperhar- 
monic numbers: 

°° /i M 
a (r,m) = — — 

n— 1 

can be expressed in terms of series of Hurwitz zeta function values. This 
is a generalization of a result of Mezo and Dil. We also provide an explicit 
evaluation of a (r, m) in a closed form in terms of zeta values and Stirling 
numbers of the first kind. Furthermore, we evaluate several other series 
involving hyperharmonic numbers. 
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1 Introduction 



In this paper we are interested in Euler-type sums with hyperharmonic numbers. 
Such series could be of interest in analytic number theory. We will show that 
these sums are related to the values of the Riemann zeta function. In [IS] the 
authors considered the case r = 1. Here we extend this result to r > 1. 

In the second section we express a (r, m) as a special series involving zeta 
values. In the third section we evaluate a (r, m) as a finite sum including Stirling 
numbers of the first kind, zeta values, and values of the digamma (psi) function. 
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In the last fourth section we use certain integral representaions to evaluate 
several series with hyperharmonic numbers. For example, 



E 



h {r) 

fin 



' n (n + 1) . . . (n + r) 6r! ' 

oo 



and 



OO , Nil oo 

n— 1 ^ ' n— 1 

1.1 Definitions and notation 

Harmonic and Hyperharmonic numbers 

The n-th harmonic number is defined by the n-th partial sum of the harmonic 
series as 

" 1 

k=l 

where H = 0. 

For an integer r > 1, let 

n 

ir I 
fc=l 

with hn^ := H n , be the n-th hyperharmonic number of order r ([9]). 

These numbers can be expressed in terms of binomial coefficients and ordi- 
nary harmonic numbers as ([9j 115)): 

hP= ("^i ^ (tfn+r-l-ffr-l). (3) 

The well-known generating functions of the harmonic and hyperharmonic 
numbers are given as 

In(l-x) 
1-x 

n=L 

and 

^ n X (1- x) r 1 ' 



W E h t 1] ( 2 ) 



E^" = -^^ (4) 



n=l 



respectively. 

Euler discovered the following formula: 
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2 J2^ = ( m + 2 )C(m+l)- £C(m-»K(n+l), m = 2,3,... (6) 

n— 1 n— 1 

where £ (s) is the Riemann zeta function ([TTJ ITS]). 

For cetain pairs of positive integers r and m several authors have evaluated 
in closed form the Euler sums 

ff (r) 1 1 



S(r,m) = £^ where itf> = i + - 



n"° l' n' 

n—l 



(see [H [TT] and for an elementary procedure [6]). In this paper we want to do 
the same for the sums 

u (r, ml = > . 



n" 

n—l 



Considering hyperharmonic generalization of Euler sums, Mezo and Dil ( |15j) 
obtained: 

°° /i (r) 

a (r. m) = > < oo where m > r 

n—l 

Rearrangements of these series gives: 

oo 

a(r ) m) = ^^- 1 )C(m,n) (7) 
n=l 

where m > r ([15]) . Here £ (s, a) is the Hurwitz zeta function defined as 

OO -j 

where a > is a fixed number and Re(s) > 1. . 
Using ([6J and ([7} for m = 2, 3, ... we have 

oo > / , ^ m — 2 

2 £ UnMf; =(m + 2)c(m + 1) _ j^ C ( m _ n ) C ( n + i) ( 8 ) 

k=l n=l 

Hence as a special case of (J7J with r = 1, Mezo and Dil ([H]) found the following 
results with the help of (jSJ) 

£^ = 2 C (3), 

k=l 

fc=l 
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^^ = 3C(5)- y C(3), 



k=i 
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2 Euler Sums of Hyperharmonic Numbers 

The following theorem provides a general version of the equation ([7]). 
Theorem 1 For integers < k < r < m we have, 

oo , (r) oo 

«•(»■. ™) = E^r = E^ r_fc - 1) E CKi.) (9) 

n— 1 n— 1 = ' ■ ■ =*fc _oo 



oo oo 



£ E E ••• E C(m,i fc ). (10) 



Proof. From © we have 



oo i (r) n 

-(^) = E^t = EE^ 2) ck-)- (ID 



77/ 

n— 1 n— 1 1 



Reaarangements of the RHS of (fTTj) gives 

oo oo 

a(r,m)^e 2) EC(m,ii). (12) 

n— 1 ii— n 

Using a similar argument, after fc-steps we obtain the desired result. ■ 

Remark 2 Let us consider two special cases of ^ . To state Euler sums of 
hyperharmonic numbers a (r, m) in terms of the multiple sums of Hurwitz zeta 
function we choose k = r — 1 i.e., 

hn^ Sn<ii<i,<---<i r _i<oo C ( m ' *r-l) 

cr(r,m ) = 2^ — = V = = = = = ■ (13) 

n=l n—1 



Also the case k = r — 2 gives 

oo , (r) oo 

^,™) = E^ = E ff « E C(m,ir- a ) (14) 



71" 

n—1 n—1 n<zi <22 < ■ ■ -<z r _ 2 <oo 



which is a representation of a (r, m) m terms of harmonic numbers and the 
multiple sums of Hurwitz zeta function. 
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3 A closed form of a (r, m) 

We are interested in Euler sums of hyperharmonic numbers in the form 



00 lW 
fin 



a (r, m) = — — where m > r + 1. 



In the following theorem we use the series 



v ^ 

(m,r) = V —— — — 
n m (n + r) 

n—l v ' 



and the unsigned Stirling numbers of the first kind 

To obtain a closed form of a (r, m) we need the following lemma. 

Lemma 3 (see Joy) For every positive integer to and every r > 

M (m; r) = £ ^ " + ~^T- (* (r + 1) + 7) ■ (15) 

fe=i 

iJere \P (s) is i/ie digamma function such that 7 = — \& (1) is Euler's constant. 
Theorem 4 For £fte integers < r < m we have 



a (r, to) 



(r-1) 



1 r 
y fc=i 



(16) 



C H (m- fc + 1) - ff r _iC(m - fc + 1) + E/i(m-fc + l,j) 

4=1 

Proof. Considering the following relation between Stirling numbers of the first 
kind and the rising factorial, 



fc=0 



we get 
Hence, 



x (x + 1) . . . (x + n - 1) = y~] 

^ r+l 



n + r 
r 



k=l 



r + l 
k 



r+l r 

■E 

fe=i 



r + l 



W (H n +r — H r ) 



Now we can write 



h {r) 

1 hi 



Therfore 



i r 

(r - 1)! ^ 



r 




k_ 


( 



H,, 



H r -1 



T + E 



E— - = r ) y^ n _ # y^ 1 , y^ y^ 



1 



n=l v ' fe=l 

In view of (fT5l) we obtain ([16 



j=l n=l 



(n + j) 



Hereafter we consider the series a(r,m) = J2^=i when m > r > 1. 
Using Theorem 2] we obtain representation of the function a (r, to) in terms of 
the Ricmann zcta function and 



Here are some examples. 
Case r = 2 

By considering the case r = 2 in (fT6|) we get 

cr (2, to) = C H (m - 1) + ( H (to) - C (m - 1) . 
With the aid of Theorem [TJ equation (fTT]) can be written as 



Setting to = 3 in (fT8|) we obtain 



a (2, 3) = £ (3, n) = 2C (3) + -£ (4) - C (2) 



and for 



4 we have 



n=l 



and so on. 
Case r = 3 

By (HI) and dm) we have 



(17) 



a (2, m) = J2 H nC (m, n) - Ch (m - 1) + (m) - C (m - 1) . (18) 



(19) 



a (2, 4) = J2 H nC (4, n) = -C (4) + 3C (5) - C (2) C (3) - C (3) (20) 



oo 

ct(3,to) = ^/4 2) C(m,n) 

n=l 

= \Ch (m - 2) + (m - 1) + (m) - b -C (to 1) |c (m - 2) 
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Setting m — 4 in the above equation we obtain 

a (3, 4) = f; fc(, 2 >C (4, n) = (4) + Q H (4) - \c (3) - (2) . (21) 

71— 1 

4 Evaluation of some specific hyperharmonic num- 
ber series 

In this section we evaluate some specific series invoving hyperharmonic numbers. 
Proposition 5 

1 



V — = - (22) 

^ (n+l)(n + 2)...(n + r + l) r\ V ' 

n— 

Proof. Using the formula (see |12j ) 

1 r 1 

- / t n (1 - t) r <ft = 

H7o (n+1 



1 



L) (n + 2)...(n + r+ 1) 



we can write 



1 r 1 h (r) 



[ ln(l-*)dt = -l. 
Jo 



Proposition 6 



h (r) 

f hi 



(23) 



(24) 



"I Jo " (n + 1) (n + 2) . . . (n + r + 1) 

with the help of ([5]) we get 

oo ,(r) 1 r l 

y *!__^ r = -4/ In(l-t)tft (25) 

This equation completes the proof since 



(26) 



^ n(n+ 1) ... (n + r) 6r! 



Proof. In the same way as in the above proposition, from (|23p we can write 

h {r) 



n (n + 1) . . . (n + r) 



(28) 
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from which it follows that 



^ feg = _ 1 f 1 ln(l-t) df 

•4^ n (n + 1) . . . (n + r) r\ J t 



Since (see [12]) 



1 In (1 - t) , it 2 
— i ^cft = 



we obtain ([27]l . ■ 
Proposition 7 FFe /lave 

™ (-l) n H n _ (ln2) 2 
^ n+1 2 

and 

' ^ 2 (ln2) 5 



E 



n 12 

n=l 



Proof. Using the formulas (see [16] ) 

° In(l-t) . (In2) 2 
_ x 1 — t 2 

and 

rl ln(l + t) 7T 2 (ln2) S 



/o 12 2 

respectively, and considering (j4]) we obtain the desired results. 

Proposition 8 We have 

\2 



^ 2(-l)" (n + 2) (4) = 23 _ (In 2)- 
^ (n + 3) (n + 4) " 72 3 

^ (n + 1) " 2 r r 2 2V ' 



Proof. Using the formulas (see [IB]) 



Mn(l + t) ^23 (ln2) 



2 



o (1 + t) 4 v ' 72 3 
and 

nl ln(l + i) , 2'' - 1 In 2 
-at = 



o {l + t) r+1 2 r r 2 Tr 

respectively, and considering ([5]) gives the desired results. 



Proposition 9 We have 

00 I 1 In , o i o\ n 1 2n+l 3 , 1 

(-1) (2m + 2n + 3) tJ on „„v^ 1 1 M) 



v (-l)'"^(2m + 2n + 3) =21n2V ^ V^V 

^ (m + 1) (m + 2n + 2) m ^ 2fc + 1 ^ j ^ 

m=l v y v ; fe=0 3=1 J fe=l 



\ ^ (-1) 2 " g =21n2V y^^ C- 1 ) 

^ (m + 1) (to + 2n + 1) m 2k + 1 f-f j ^ A; 

m=l V ; V / fc=Q J = 1 J fe=1 

Proof. Using the formulas (see |16j ) 



/ ^ i 1 + «) (1 + frfi) dt = 2 i n 2 y -J— -yly 
Jo (1+*) v ; esfc + i ^ 



fc=0 3=1 u k=l 

and 

7 n 1 + 1 V ; ^ 2fc + 1 ^ 7 ^ k 

Jl > y ' k=0 3=1 J k=l 

respectively completes the proof in view of d4j) . ■ 

Remark 10 The Beta function B (x, y) is defined as follows (see 

B(x,y)= [ ^(l-tf- 1 dt 







where Re (x) > 0, Re (y) > 0. 
Proposition 11 We have 

00 

£>£->B(r+l,n + l) = l 

n=l 

Proof. Using the formula (see [T7] ) 

t n (l-t) r dt = B(r + l,n+l) 
and considering ([5|) gives 

^ ft^B (r + 1, n + 1) = -1 / In (1 - t) dt 

n=l J o 

This equation completes the proof since (see [12"] ) 

/ In (1 - 1) dt = -1. 
Jo 
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Proposition 12 We have 



Proof. From equation (|33l) we have 



1 ftg- ) * n (l-*) r ? = ^ r) S(r + l,n). 



Using ([5]) this becomes 



n=l ^ J 



In view of equation (|30p we complete the proof. 
Proposition 13 



E7^Tn^ 2) = E(- 1 ) n ^(-+ 1 ) 

n=l ' n=l 



where (see 



0(x) = - 



x + 1 



* - 



and $ fx) = — lnT fx) 
ax 



Proof. Using the formula (|17j) 



1 



gives 



8 fx) = / dt where Re fx) > 

o l + t 



oo „1 oo 

^(-l)"^(n + l)= / -±--£(-l)»H n 1» 

n=l 70 t+ n=l 



(ft 



and now ([5]) helps to finish the proof. 
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